Grassmann codes are linear codes associated with the Grassmann variety G(ℓ, m) of ℓ-dimensional subspaces of an m dimensional vector space F m q . They were studied by Nogin for general q. These codes are conveniently described using the correspondence between non-degenerate [n, k] q linear codes on one hand and non-degenerate [n, k] projective systems on the other hand. A nondegenerate [n, k] projective system is simply a collection of n points in projective space P k−1 satisfying the condition that no hyperplane of P k−1 contains all the n points under consideration. In this paper we will determine the weight of linear codes C(3, 8) associated with Grassmann varieties G(3, 8) over an arbitrary finite field F q . We use a formula for the weight of a codeword of C(3, 8), in terms of the cardinalities certain varieties associated with alternating trilinear forms on F 8 q . For m = 6 and 7, the weight spectrum of C(3, m) associated with G(3, m), have been fully determined by Kaipa K.V, Pillai H.K and Nogin Y. A classification of trivectors depends essentially on the dimension n of the base space. For n ≤ 8 there exist only finitely many trivector classes under the action of the general linear group GL(n). The methods of Galois cohomology can be used to determine the classes of nondegenerate trivectors which split into multiple classes when going fromF to F. This program is partially determined by Noui L and Midoune N and the classification of trilinear alternating forms on a vector space of dimension 8 over a finite field F q of characteristic other than 2 and 3 was solved by Noui L and Midoune N. We describe the F q -forms of 2-step splitting trivectors of rank 8, where char F q = 3. This fact we use to determine the weight of the F q -forms.
INTRODUCTION
Let V be an 8-dimensional vector space over a field K and let ∧ 3 V denote the exterior power of degree 3 over V, the classification of trivectors is the study of the action of general linear group GL(V) on the space ∧ 3 V defined by f .ω = (∧ 3 f )(ω). The equivalence classes are the GL(V)-orbits under this action. As ∧ 3 V * ≃ (∧ 3 V) * , there is no difference between trilinear alternating forms and trivectors. The support of the trivector ω is the least subspace F of V such that ω ∈ ∧ 3 F, its dimension is the rank of ω. Let ω be a trilinear alternating form on V. The set {u ∈ V, ω(u, ·, ·) = 0} is called the radical of ω and will be denoted by Radω. If Radω = {0}, then ω is called nondegenerate (full rank).
This classification is motivated by many important applications, especially in the theory of codes. See [2, 4, 5, 7] . Let C(3, 8) be a grassman code (linear code) associated with the УДК 512.647 2010 Mathematics Subject Classification: 15A69, 20B40. c Rakdi M.A., Midoune N., 2019 Grassmann variety G(3, 8) of 3-dimensional subspaces of an 8-dimensional vector space F 8 q , where F q is a finite field with q elements. The parameters n and k of the code C (3, 8) are n = |C(3, 8)| = (q 8 − 1)(q 8−1 − 1)(q 8−3+1 − 1) (q 3 − 1)(q 3−1 − 1)(q − 1) ,
The minimum distance of grassmann codes C(3, 8) equals d = q 3(8−3) = q 15 . The weight of C(3, 7), C (3, 6) and C(2, m) is determined by [2] , [5] and [4] respectively. In this paper,we are interested in the classification of F q -forms of the 2-step splitting trivectors of rank 8, and in determining the weights of F q -forms where F q is a finite field of characteristic other than 3. Some undefined terms can be found in references [2, 3, 6] and [5] .
If ω is a trivector defined over the field K, a K-form of ω is another trivector of the same type as that of ω, defined over K which is isomorphic to ω over K, the algebraic closure of K.
Preliminary result

Degenerate forms
Theorem 1 ([1] ). Let V be a vector space of dimension 7 over a finite field F q . Then any trivector of rank ≤ 7 in ∧ 3 V is equivalent to one of the trivectors in Table 1 .
Table1. Trivectors of rank ≤ 7 over F q (degenerate forms).
Name
Trivector ω 3 e 1 e 2 e 3 ω 5 e 1 (e 2 e 3 + e 4 e 5 ) ω 6,1 e 1 e 2 e 3 + e 4 e 5 e 6 ω 6,1,d 1 e 1 (e 3 e 4 + e 5 e 6 ) + e 2 (e 3 e 6 − d 1 e 4 e 5 ) if char F q = 2 ω 6,1,d 2 e 1 (e 2 e 3 + e 4 e 5 ) + e 6 (e 2 e 4 − d 2 e 3 e 5 + e 4 e 5 ) if char F q = 2 ω 6,2 e 1 e 2 e 4 + e 2 e 3 e 5 + e 1 e 3 e 6 ω 7,1 e 1 (e 2 e 3 + e 4 e 5 + e 6 e 7 ) ω 7,2 ω 7.1 + e 2 e 4 e 6 ω 7,3 e 1 e 2 e 3 + e 3 e 4 e 5 + e 5 e 6 e 7 ω 7,3,d 1 e 1 (e 2 e 5 + e 3 e 7 ) + e 4 (e 2 e 3 + d 1 e 5 e 7 ) + e 6 e 5 e 3 if char F q = 2 ω 7,3,d 2 e 1 (e 2 e 3 + e 4 e 5 ) + e 6 (e 2 e 4 − d 2 e 3 e 5 + e 4 e 5 ) + e 1 e 6 e 7 if char F q = 2 ω 7,4 e 1 (e 2 e 3 + e 4 e 5 ) + e 2 e 4 e 6 + e 3 e 5 e 7 ω 7,5 ω 7.2 + e 3 e 5 e 7
Main results
Nondegenerate forms (full rank)
Theorem 2. Let V be a vector space of dimension 8 over a finite field F q . Then any F q -form of 2-step splitting trivector of rank 8 in ∧ 3 V is equivalent to one of the Table 2 .
Table2. Trivectors of rank 8 over F q (nondegenerate forms).
Name
Trivector ω 8,1 e 1 (e 2 e 3 + e 4 e 5 ) + e 6 e 7 e 8 ω 8,2 e 1 (e 2 e 3 + e 4 e 5 + e 6 e 7 ) + e 5 e 6 e 8 ω 8, 3 e 1 (e 3 e 4 + e 5 e 6 ) + e 2 (e 3 e 5 + e 7 e 8 ) ω 8,4 e 1 (e 2 e 5 + e 3 e 6 ) + e 4 (e 7 e 2 + e 8 e 3 ) ω 8,4,d 1 e 5 (e 1 e 2 + e 3 e 4 ) + e 6 (e 1 e 3 + d 1 e 2 e 4 ) + e 7 (e 1 e 4 ) + e 8 (e 2 e 3 ) if char F q = 2 ω 8,4,d 2 e 8 (e 1 e 4 + e 3 e 2 ) + e 7 (e 1 e 4 + e 4 e 2 + d 2 e 1 e 3 ) + e 6 e 1 e 2 + e 5 e 3 e 4 if char F q = 2 ω 8,5 e 1 (e 2 e 3 + e 4 e 5 ) + e 6 (e 2 e 3 + e 7 e 8 ) where
Proof. The F q -forms of 2-step splitting trivectors of rank 8 where F q is a field of characteristic other than 2 and 3 has been done in [6] , hence, in characteristic 2, it is sufficient to study the case of orbits of type ω 8,i , for i = 4, 5.
In characteristic 2, the trivectors of type ω 8,i , for i = 4, 5 are written ω 8,4,d 2 = e 8 (e 1 e 4 + e 3 e 2 ) + e 7 (e 1 e 4 + e 4 e 2 + d 2 e 1 e 3 ) + e 6 e 1 e 2 + e 5 e 3 e 4 ω 8,5,d 2 = e 3 (e 1 e 2 + e 4 e 7 + e 6 e 8 ) + e 5 (e 1 e 4 + e 8 e 2 + d 2 e 6 e 7 ). If L is the quadratic extension of K, there exists a trivector 4 . We construct ω L as follows: ω 8,4 = e 1 (e 2 e 5 + e 3 e 6 ) + e 4 (e 7 e 2 + e 8 e 3 ) is a 4-step splitting because ω 8,4 = e 5 u 1 + e 6 u 2 + e 7 u 3 + e 8 u 4 where u 1 = e 1 e 2 , u 2 = e 1 e 3 , u 3 = e 2 e 4 and u 4 = e 3 e 4 , thus E = vect{u 1 , u 2 , u 3 , u 4 } is a subspace of dimension 4 of ∧ 4 K 4 . We put ω L = ω 8,4,d 2 = e 5 v 1 + e 6 v 2 + e 7 v 3 + e 8 v 4 , with v 1 = e 3 e 4 , v 2 = e 1 e 2 , v 3 = e 1 e 4 + e 4 e 2 + d 2 e 1 e 3 , and v 4 = e 1 e 4 + e 3 e 2 , where
To each of the forms ω 8, 4 , ω 8,4,d 2 , we associate a quadratic form on E [6]:
respectively. The two forms are not equivalent over K but they may become equivalent over the algebraic closure K. We can also prove that ω 8,4 is not equivalent to ω 8,4,d 2 by using the arithmetical invariant d 1 (ω) [6] . Similar arguments apply to the case for ω 8,5 .
FORMULA FOR THE WEIGHT OF A TRIVECTOR
The correspondence between equivalence classes of nondegenerate forms and equivalence classes of nondegenerate linear [n, k]-codes, is one-to-one. In what follows, we speak by abuse of language not only of a weight of a codeword, but also of a weight of hyperplane and a weight of a form ω ∈ ∧ 3 V. Therefore, the problem on the spectrum of a Grassmann code (at least, on the weights of the codewords) is closely related to that on the classification of the elements of ∧ 3 V.
The cardinality of the general linear group GL(8, F q ) will be denoted by
Given a codeword of C(3, 8), let ω be the corresponding trivector on F 8 q , and let H be the corresponding hyperplane of P(∧ 3 F 8 q ) . The weight of the codeword ω
We have
Weight of a degenerate trivector
If ω is degenerate, let Radω be r-dimensional. We pick a basis {e 1 , . . . , e 8 } of V such that {e 8−r+1 , . . . , e 8 } is a basis for Radω. Let W denote the span of {e 1 , . . . , e 8−r }.
Letω denote the restriction of the form ω to W. Since W ∩ Radω = {0}, it is clear thatω is a nondegenerate trivector on W. Thus,ω can be thought of as codeword in C(3, 8 − r).
Proposition 1 ([2]
). The weight of a degenerate trivector ω in F 8 q is given by
The proposition shows that in order to calculate the weights of codewords of C(3, 8), it is enough to know only the weights of nondegenerate codewords of C(3, m) for m ≤ 8. wt(ω 6,1 ) = q 15 + q 13 + q 12 − q 10 wt(ω 6,1,d ) = q 15 + q 13 + q 12 + q 10 wt(ω 6,2 ) = q 15 + q 13 + q 12 wt(ω 7,1 ) = q 15 + q 13 + q 11 wt(ω 7,2 ) = q 15 + q 13 + q 12 + q 11 wt(ω 7,3 ) = q 15 + q 13 + q 12 + q 11 − q 10 wt(ω 7,3,d ) = q 15 + q 13 + q 12 + q 11 + q 10 wt(ω 7,4 ) = q 15 + q 13 + q 12 + q 11 wt(ω 7,5 ) = q 15 + q 13 + q 12 + q 11 + q 9 .
Proof. According to Proposition 1, the weight of a degenerate form ω is q 3 times the weight of ω viewed as a trivector on F 7 q the span of {e 1 , . . . , e 7 }. The latter weights were determined in [2] . We multiply them by q 3 ; we get the weights of ω.
Weight varieties of a nondegenerate trivector
Let V be an 8-dimensional vector space over an arbitrary field F. We consider the map ϕ w :
Here, , is the pairing between ∧ j V * and ∧ j V for each j.
Given a two-from λ ∈ ∧ 2 V * , we define certain quantities Pf k (λ) ∈ ∧ 2k V * , for each k ≥ 1 which we call the k-th Pfaffian of λ. Let Pf 0 (λ) = 1. We define Pf k (λ) ∈ ∧ 2k V * inductively by requiring
This Pf k (λ) generalizes the forms λ k k! = 1 k! (λ ∧ · · · ∧ λ).
Definition 1 ([2]
). Given a nondegenerate trivector ω on F 8 q , the k-th weight variety of ω is the subvariety of P 7 given by
Lemma 2. Given a nondegenerate trivector ω on F 8 q . Let
The weight wt(ω) is given by wt(ω) = q 6 (q 9 + q 7 + q 6 + q 5 + q 4 + q 3 + q 2 + 1) − n 2 + n 1 (1 + q 2 ) 1 + q + q 2 .
(1)
Proof. We use Theorem 7 in [2] , we get
for the case m = 8, we use n 1 + n 2 + n 3 = |P 7 |, we get this result in (1).
WEIGHT CLASSIFICATION OF TRIVECTORS ON F 8 q
The weights of the nondegenerate forms ω 8,i , 1 ≤ i ≤ 6 can be determined from formula (1) once the cardinalities of the varieties X 1 (ω 8,i ) and X 2 (ω 8,i ) are known. We recall that
Proposition 2. The varieties X 1 (ω 8,i ) and their cardinalities for 1 ≤ i ≤ 6 are
Proof. Let x = ∑ 8 j=1 x j e j . We have
We calculate Pf 2 (ι x ω i ) using the above formula (2) and set it equal to zero to determine the varieties X 1 (ω i ). We begin with ω 8,1 . The forms ι e j ω 8,1 for j = 1 · · · 8 are e 2 e 3 + e 4 e 5 , e 3 e 1 , e 1 e 2 , e 5 e 1 , e 1 e 4 , e 7 e 8 , e 8 e 6 , e 6 e 7 , respectively. For j ≥ 2; the forms ι e j ω 8,1 are decomposable and hence Pf 2 (ι e j ω 8,1 ) = 0, whereas Pf 2 (ι e 1 ω 8,1 ) = e 2 e 3 e 4 e 5 .
We also note that ι e 2 ω 8,1 ∧ ι e j ω 8,1 = 0 for all j = 3, 4, 5, and ι e 3 ω 8,1 ∧ ι e 4 ω 8,1 = ι e 3 ω 8,1 ∧ ι e 5 ω 8,1 = ι e 4 ω 8,1 ∧ ι e 5 ω 8,1 = ι e 6 ω 8,1 ∧ ι e 7 ω 8,1 = ι e 6 ω 8,1 ∧ ι e 8 ω 8,1 = ι e 7 ω 8,1 ∧ ι e 8 ω 8,1 = 0. Using these relations, we get Pf 2 (ι x ω 8,1 ) = x 2 1 e 2 e 3 e 4 e 5 + x 1 [x 2 e 4 e 5 e 3 e 1 + x 3 e 4 e 5 e 1 e 2 + x 4 e 2 e 3 e 5 e 1 + x 5 e 2 e 3 e 1 e 4 + x 6 (e 2 e 3 e 7 e 8 + e 4 e 5 e 7 e 8 ) + x 7 (e 2 e 3 e 8 e 6 + e 4 e 5 e 8 e 6 + x 8 (e 2 e 3 e 6 e 7 + e 4 e 5 e 6 e 7 )] + x 2 (x 6 e 3 e 1 e 7 e 8 + x 7 e 3 e 1 e 8 e 6 + x 8 e 3 e 1 e 6 e 7 ) + x 3 (x 6 e 1 e 2 e 7 e 8 + x 7 e 1 e 2 e 8 e 6 + x 8 e 1 e 2 e 6 e 7 ) + x 4 (x 6 e 5 e 1 e 7 e 8 + x 7 e 5 e 1 e 8 e 6 + x 8 e 5 e 1 e 6 e 7 ) + x 5 (x 6 e 1 e 4 e 7 e 8 + x 7 e 1 e 4 e 8 e 6 + x 8 e 1 e 4 e 6 e 7 ) = 0
Since the coefficient of e 2 e 3 e 4 e 5 above is x 2 1 , x 1 = 0 is necessary for Pf 2 (ι x ω 8,1 ) = 0. Setting x 1 = 0 in the above equation, we get Pf 2 (ι x ω 8,1 ) x 1 =0 = x 2 (x 6 e 3 e 1 e 7 e 8 + x 7 e 3 e 1 e 8 e 6 + x 8 e 3 e 1 e 6 e 7 ) + x 3 (x 6 e 1 e 2 e 7 e 8 + x 7 e 1 e 2 e 8 e 6 + x 8 e 1 e 2 e 6 e 7 ) + x 4 (x 6 e 5 e 1 e 7 e 8 + x 7 e 5 e 1 e 8 e 6 + x 8 e 5 e 1 e 6 e 7 ) + x 5 (x 6 e 1 e 4 e 7 e 8 + x 7 e 1 e 4 e 8 e 6 + x 8 e 1 e 4 e 6 e 7 ) = e 1 ∧ (x 3 e 2 − x 2 e 3 + x 5 e 4 − x 4 e 5 ) ∧ (x 6 e 7 e 8 + x 7 e 8 e 6 + x 8 e 6 e 7 ).
Therefore,
= P{e 6 , e 7 , e 8 } ∪ P{e 2 , e 3 , e 4 , e 5 } ≃ P 2 ∪ P 3 .
Next, we consider Pf 2 (ι x ω 8,2 ). The coefficients of e 2 e 3 e 4 e 5 + e 2 e 3 e 6 e 7 + e 4 e 5 e 6 e 7 , e 1 e 4 e 6 e 8 , e 7 e 1 e 8 e 5 are x 2 1 and x 2 5 and x 2 6 respectively, x 1 = x 5 = x 6 = 0 is necessary for Pf 2 (ι x ω 8,2 ) = 0. By Setting x 1 , x 5 and x 6 to zero, in the equation, we get Pf 2 (ι x ω 8,2 ) x 1 =x 5 =x 6 =0 = e 1 ∧ (x 3 e 2 − x 2 e 3 ) ∧ x 8 e 5 e 6 . Therefore,
= P{e 4 , e 7 , e 8 } ∪ P{e 4 ,e 7 } P{e 2 , e 3 , e 4 , e 7 } ≃ P 2 ∪ P 1 P 3 .
In Pf 2 (ι x ω 8,3 ), the coefficients of e 3 e 4 e 5 e 6 , e 3 e 5 e 7 e 8 , e 4 e 1 e 5 e 2 and e 6 e 1 e 2 e 3 are x 2 1 , x 2 2 , x 2 3 and x 2 5 , respectively. By setting x 1 , x 2 , x 3 and x 5 to zero, Pf 2 (ι x ω 8,3 ) is reduced to e 1 e 2 ∧ (x 4 e 3 + x 6 e 5 ) ∧ (x 8 e 7 − x 7 e 8 ).
Similar arguments apply to the case for X 1 (ω 8,i ) for i = 4, . . . , 6.
We now compute the varieties X 2 (ω) and their cardinalities. 
We calculate Pf 3 (ι x ω 8,i ) using the above formula (3), and set it equal to zero to determine the varieties X 2 (ω 8,i ). We begin with ω 8,1 . For j ≥ 1, Pf 3 (ι e j ω 8,1 ) = 0 and Pf 2 (ι e 1 ω 8,1 ) = e 2 e 3 e 4 e 5 , we get Pf 3 (ι x ω 8,1 ) = x 2 1 x 6 e 2 e 3 e 4 e 5 e 7 e 8 + x 2 1 x 7 e 2 e 3 e 4 e 5 e 8 e 6 + x 2 1 x 8 e 2 e 3 e 4 e 5 e 6 e 7 .
Since the coefficients of e 2 e 3 e 4 e 5 e 7 e 8 and e 2 e 3 e 4 e 5 e 8 e 6 and e 2 e 3 e 4 e 5 e 6 e 7 above are x 2 1 x 6 and x 2 1 x 7 and x 2 1 x 8 , respectively, x 1 = 0 or x 6 = x 7 = x 8 = 0 is nececessary for Pf 3 (ι x ω 8,1 ) = 0. Therefore,
= P{e 2 , e 3 , e 4 , e 5 , e 6 , e 7 , e 8 } ∪ P{e 2 ,e 3 ,e 4 ,e 5 } P{e 1 , e 2 , e 3 , e 4 , e 5 } ≃ P 6 ∪ P 3 P 4 .
Next, we consider Pf 3 (ι x ω 8,2 ). The coefficient of e 2 e 3 e 4 e 5 e 6 e 7 is x 3 1 ; moreover, x 1 divides Pf 3 (ι x ω 8,2 ). Therefore, X 2 (ω 8,2 ) = {x 1 = 0} ≃ P 6 .
For Pf 3 (ι x ω 8,3 ), the coefficients of e 3 e 4 e 5 e 6 e 7 e 8 , e 3 e 4 e 5 e 6 e 8 e 2 , e 3 e 4 e 5 e 6 e 2 e 7 , e 3 e 5 e 7 e 8 e 4 e 1 , e 3 e 5 e 7 e 8 e 6 e 1 , e 7 e 8 e 4 e 1 e 5 e 2 and e 7 e 8 e 6 e 1 e 2 e 3 are x 2 1 x 2 , x 2 1 x 7 , x 2 1 x 8 , x 2 2 x 3 , x 2 2 x 5 , x 2 x 2 3 and x 2 x 2 5 respectively. Reducing x 1 x 2 , x 1 x 7 , x 1 x 8 , x 2 x 3 and x 2 x 5 to zero is necessary for Pf 3 (ι x ω 8,3 ) = 0.
= P{e 3 , e 4 , e 5 , e 6 , e 7 , e 8 }∪ P{e 3 ,e 4 ,e 5 ,e 6 } P{e 1 , e 3 , e 4 , e 5 , e 6 }∪ P{e 4 ,e 6 ,e 7 ,e 8 } P{e 2 , e 4 , e 6 , e 7 , e 8 } ≃ P 5 ∪ P 3 P 4 ∪ P 3 P 4 .
Similar arguments apply to the case for X 2 (ω 8,i ) for i = 4, . . . , 6.
Theorem 3. The weights of the nondegenerate forms ω 8,1 , . . . , ω 8,6 are wt(ω 8,1 ) = q 15 + q 13 + q 12 + q 11 − q 8 wt(ω 8,2 ) = q 15 + q 13 + q 12 + q 11 wt(ω 8,3 ) = q 15 + q 13 + q 12 + q 11 + q 10 − q 8 wt(ω 8,4 ) = q 15 + q 13 + q 12 + q 11 + q 10 − q 9 wt(ω 8,4,d ) = q 15 + q 13 + q 12 + q 11 + q 10 + q 9 wt(ω 8,5 ) = q 15 + q 13 + q 12 + q 11 + q 10 − q 8 wt(ω 8,5,d ) = q 15 + q 13 + q 12 + q 11 + q 10 + q 8 wt(ω 8,6 ) = q 15 + q 13 + q 12 + q 11 + q 10 .
Proof. We use the formula (1) with n 2 (ω) + n 1 (ω) = |X 2 (ω)|, we get wt(ω 8,i ) = q 15 + q 13 + q 12 + q 11 + q 10 + q 9 + q 8 + q 6 − q 6 |X 2 (ω 8,i )| + q 2 |X 1 (ω 8,i )| 1 + q + q 2 , the quantities |X 1 (ω 8,i )| and |X 2 (ω 8,i )| have been computed in Proposition 2 and 3. For wt(ω 8,1 ), we have |X 1 (ω 8,1 )| = q 3 + 2q 2 + 2q + 2 and |X 2 (ω 8,1 )| = |P 6 | + |P 4 | − |P 3 | = q 6 + q 5 + 2q 4 + q 3 + q 2 + q + 1, substituting these in the above equation we find wt(ω 8,1 ) = q 15 + q 13 + q 12 + q 11 + q 10 + q 9 + q 8 + q 6 − q 6 |P 6 | + |P 4 | − |P 3 | + q 2 (q 3 + 2q 2 + 2q + 2) 1 + q + q 2 = q 15 + q 13 + q 12 + q 11 − q 8 .
Similarly for the weights wt(ω 8,2 ), . . . , wt(ω 8,6 ).
